. We demonstrate the effectiveness of our approach through theoretic and experimental exploration of a set of medical image applications. Furthermore, an evaluation criterion for surface modeling efficiency is described and the comparison results demonstrated that our method outperformed the previous approaches using spherical harmonic models.
Introduction
Three dimensional (3D) shape description is a fundamental issue in 3D computer vision with many applications, such as shape registration, 3D object recognition and classification [1] . For a 3D object, its shape descriptor often consists of a set of parameters that can capture its shape information well. A global surface shape descriptor uses explicit or implicit functions to describe an entire surface shape into a small set of parameters, where every parameter affects the whole surface representation, not just local parts. As one important application in computer vision, medical image analysis also requires efficient and accurate shape descriptions. In particular many diseases resulting in or from morphologic variations of structures (e.g., heart, brain, etc.) shows the importance of analysis of shape variability for diagnostic classification and understanding of biomedical processes. There has been growing interest in shape description for medical applications [2] . Although, global surface description techniques have been proposed to address the biomedical anatomical structures reconstruction problems, different types of shape descriptors are needed due to the variety of different anatomical structures, i.e., the previous surface harmonics shape descriptors cannot model the hemisphere-like objects efficiently. In this paper, we propose a novel global parametric surface description method that is in the form of linear combination of hemispherical basis functions. We examine the effectiveness of our approach through theoretic and experimental exploration of a set of medical image applications and demonstrate that our model works for simply connected objects and is especially suitable for hemisphere-like objects such as medical anatomical structures (ventricles, atriums, etc.) .
In this paper, we apply our hemispherical harmonic shape description method on medical image analysis, however, our method is a general technique to be applied into many other areas in computer vision such as 3D face recognition, shape-based registration, etc.
Previous work
Many shape description methods and their applications in geodesy, biomedicine, molecular biology, and other fields have been explored [1] . Here we provide a summary of alternative approaches as context for our contribution.
Mathematically there are different methods of describing shapes including parametric models (such as harmonic functions [17] , hyperquadrics [3] , or superquadrics [4, 5] ), medial axis (skeleton) [7, 8] , distance distributions [6] and landmark theory based descriptors [9] . Because spherical harmonic descriptions are smooth, accurate fine-scale shape representations with a sufficiently small approximation error [18] , they are widely studied and used in different applications. In the shape matching field, Funkhouser and Kazhdan et al. [10, 11] proposed a rotation invariant spherical harmonic representation for 3D shapes to avoid the registration errors. Spherical harmonics also have a wellestablished standing in the molecular surfaces description and docking [13, 14] . Meanwhile many spherical harmonics based shape descriptions have been developed for medical image analysis [12] . For instance, in [15] , Chen et al. presented their spherical harmonic model to analyze the left ventricular shape and motion. In [22] , similarly, Edvardson and Smedby viewed a 3D object as a radial distance function on the unit sphere and tested their method on a data set from magnetic resonance imaging (MRI) of the brain. Matheny and Goldgof [16] used 3D and 4D surface harmonics to reconstruct rigid and nonrigid shapes. Because they used the radial surface function (r(θ, φ)) in all models, their methods are limited to represent only star-shape or convex objects without holes.
Brechbühler et al. [17] presented an extended spherical harmonic (SPHARM) method to model any simply connected 3D object. A closed input object surface is assumed to be defined by a square surface parameter mesh converted from an isotropic voxel representation. The key component of this method is the mapping of surfaces of volumetric objects to parametrized surfaces prior to expansion into harmonics. SPHARM method have been applied in many medical imaging applications, e.g., shape analysis of brain [19, 18] and cardiac [20, 21] structures. Since this method start the first order |Y 0 0 (θ, φ)| from an ellipsoid, it is suitable to represent the surfaces with sphere topology, but not efficient in shape reconstruction of hemisphere-like objects.
In other research areas, spherical and hemispherical harmonics are widely used for representation of BRDFs (bi-directional reflectance distribution function), environment maps, illumination variation and image recognition [23, 24, 27] , etc. Since they were applied on light/surface interaction models, their models used the radial surface function r(θ, φ). Because our paper focuses on shape description, the review of these approaches is not provided.
Our contribution
As the first paper to introduce hemispherical harmonic theory into shape description, the contribution of this paper is to develop a set of complete hemispherical harmonic H m l (θ, φ) with shifted associated polynomials and prove their orthonormality property on a hemisphere domain. We propose the novel hemispherical harmonic surface description method to meet the requirement of surface reconstruction of hemisphere-like anatomical structures. Since our basis functions H m l (θ, φ) start from a hemisphere (order 0, |H 0 0 (θ, φ)|), our new method can represent the hemispherelike objects efficiently by using less coefficients to describe the same surface. Furthermore, in order to evaluate the performance quantitatively, we provide a comparison criterion to the modeling efficiency and a shortcut to compute the modeling efficiency by using the hemispherical harmonic coefficients directly. The result of comparison with the previous SPHARM method shows our method outperformed the previous approaches. The applications are vast such as structures in cardiac MR image sequences [28] . Our method performing on the left ventricular surface reconstruction and shape sequence description is shown in section 3.
As a smooth and accurate fine-scale shape representation method, our hemispherical harmonic shape descriptors are useful in shape classification for statistical analysis of anatomical shape differences. Because we map the surfaces of voxel objects to parametrized surfaces before expansion into hemispherical harmonics, our method works well in simply connected objects (not only for star shapes). Since there is no shape descriptor for non-closed left ventricle in medical image analysis, some constraint rules were added into parametrization step to generate the shape descriptors for non-closed left ventricle or the other hemisphere-like anatomical structures. This non-closed shape representation is promising in the further shape analysis research. This paper is organized as follows. Section 2 introduces the hemispherical harmonic basis functions and new surface description technique. Section 3 shows medical imaging applications to demonstrate our new surface descriptor. Section 4 evaluates its performance by comparing surface modeling efficiency with SPAHRM method. Section 5 concludes the paper.
Hemispherical harmonic shape descriptor
In this section, we first propose a set of new hemispherical harmonics (HemiSPHARM) H m l (θ, φ) and demonstrate their orthonormality property. We then describe our surface parametrization method that generates the HemiSPHARM shape description result. At last, we will evaluate the modeling efficiency of our HemiSPHARM description by comparing with spherical harmonics.
Previous SPHARM [17] represented the object surface as
where θ ∈ [0, π] is the polar angle and φ ∈ [0, 2π) is the azimuthal angle. When the free variables θ and φ range over the whole sphere, v(θ, φ) ranges over the whole object 
where c 
The spherical harmonic basis functions are single-valued, smooth (infinitely differentiable), complex functions of (θ, φ):
where P m l (cos θ) are associated Legendre polynomials (with argument cos θ) that is defined by the differential equation
where l and m are integers with −l ≤ m ≤ l. They are orthogonal over [−1, 1] with respect to l with the weighting function w(x) = 1 [25] :
The coefficients c are usually complex numbers with a userdesired degree. These coefficients can be calculated by solving a set of linear equations in a least square fashion. As a result a set of coefficients is then used to express the surface in compact.
As an important property, the orthonormality property of spherical harmonic basis functions can be expressed as
Here,z denotes the complex conjugate and δ ij is the Kronecker delta:
HemiSPHARM basis function
The standard definition of harmonic basis functions [24] starts from choosing the Legendre polynomials P l (x) that satisfy the orthogonality relationship with the weight function w(x) = 1. Based on the unassociated Legendre polynomials P l (x), the associated Legendre polynomials P m l (x) are defined. At last the harmonics basis functions are constructed by combination of P m l (x) with {cos(mφ), sin(mφ)}.
As the first step in definition of HemiSPHARM we use the shifted Legendre polynomials [25] that are a set of functions analogous to the Legendre polynomials, but defined on the interval [−1, 0]. For Legendre polynomials P l (x), we use the linear transformation x = 2x + 1 to create the new polynomials:P l (x ) = P l (2x + 1).
From [26] , for orthogonal polynomials P l (x), the linear transformation x = kx + h, k = 0, carries over the interval 
and with respect to l,
using Eq. (6),
Therefore, we get a set of orthogonal associated polynomialsP
. Their relationship to associated Legendre polynomials is:
Based on our shifted associated polynomialsP 
with θ ∈ [ Figure 1 shows the visualization of HemiSPHARM basis functions for l = 0, 1, 2 and m = −l, ..., l.
Surface parametrization
In order to describe a voxel surface ( figure 2(b) ) using HemiSPHARM, we first need to create a continuous and uniform mapping from the object surface (see figure 2(c) ) to the surface of a half unit sphere (see figure 2(d) ) so that each vertex on the object surface can be assigned a pair of spherical coordinates (θ, φ) in figure 2(a) . This process is called surface parameterization, and the surface of the half unit sphere becomes our parameter space. We employ a hemispherical parameterization approach that is similar to the spherical parameterization approach proposed by Brechbühler et al. [17] to exploit a square surface mesh.
The parameterization is constructed by creating a harmonic map from the object surface to the parameter surface. For colatitude θ two poles are selected in the surface mesh by finding the two vertices with the maximum (for the hemisphere-like object, it should be the center of top slice which includes many points with the same or close maximum z values, e.g., our parametrization for left ventricular surface) and minimum z coordinate in object space. Then, a Laplace equation (Eq. (16)) with Dirichlet conditions (Eq. (17) and Eq. (18)) is solved for colatitude θ:
Since our case is discrete, we can approximate Eq. (16) by assuming that each vertex's colatitude (except at the poles') equals the average of its neighbours' colatitudes. Thus, after assigning θ north = π 2 to the north pole and θ south = π to the south pole, we can form a system of linear equations by considering all the vertices and obtain the solution by solving this linear system. For longitude φ the same approach can be employed except that longitude is a cyclic parameter. To overcome this problem, a "date line" is introduced. When crossing the date line, longitude is incremented or decremented by 2π depending on the crossing direction. After slightly modifying the linear system according to the date line, the solution for longitude φ can also be achieved.
Surface description
The parameterization result is a bijective mapping between each vertex v = (x, y, z)
T on a surface and a pair of spherical coordinates (θ, φ) (θ ∈ [ π 2 , π], φ ∈ [0, 2π)). We use v(θ, φ) to denote such a mapping, meaning that, according to the mapping, v is parameterized with the spherical coordinates (θ, φ). Taking into consideration the x, y, and z coordinates of v in object space, the mapping can be represented as:
We use the surface net representation to expand the surface of object into our HemiSPHARM basis functions with 
where L is used to truncate the series into a desired finite number of terms. Figure 2(g) shows the reconstructed surface result of voxel object in figure 2(b) . The coefficients are calculated by forming the inner product of v with the HemiSPHARM basis functions:
Medical applications of HemiS-PHARM shape descriptors
In this section we will describe how to apply our HemiS-PHARM shape descriptors into shape analysis in medical image analysis applications. Based on segmented image data of medical anatomical structures, we use the HemiS-PHARM method explained above for surface reconstruction and our novel shape description allows researchers to perform further shape analysis or classification and access more functional details. In the following, we describe how the HemiSPHARM shape descriptors can help the medical applications in details.
Surface reconstruction in cardiac MRI
Visualization and modeling of cardiac shapes can provide direct and reliable indicators of cardiac function [28] . Since the shapes of hearts and ventricles are close to hemiellipsoid, it's intuitive to apply our HemiSPHARM descriptors to describe their shapes. Furthermore, in section 4, we will demonstrate that our description is more efficient than previous SPHARM method in hemisphere-like shape modeling. By using the segmented cardiac MRI data, the HemiS-PHARM model can accurately visualize cardiac or ventricle geometry and function and provide the shape descriptors. Figure 2 (e), 2(f), 2(g) show the surface reconstruction result of left ventricle which is the most important functional structure in cardiac studies. By increasing the value of order l from 1, 2 to 5, a more detailed surface is created. Meanwhile we reconstructed both ventricular (right and left) surfaces and the result is shown in figure 2(h) . This new surface description method also provides a promising visualization and representation method for studying spatio-temporal cardiac structures. For a beating heart, each surface model during a heart cycle can be generated by HemiSPHARM method and a set of surfaces sequence can describe the heart contraction and dilation in every direction of 3D space. Based on this shape sequence visualization result, more valuable diagnostic and prognostic information can be derived for helping make clinical determinations. Figure 3 describes a shape sequence reconstruction result of a left ventricular inner surface during one heart cycle. The shapes change from a diastolic phase (with largest volume) to next diastolic phase and the middle ones lie close to the systolic phase (with smallest volume).
Surface reconstruction for non-closed objects
During cardiac shape analysis study, since the ventricles and atriums are open objects, people only need the surface descriptions without the top parts. But the traditional spherical harmonics methods work only for closed surface. Thus, the closed shape descriptions introduce errors into shape analysis and classification for cardiac shape studies. In order to solve this problem, we added constraint rules into the surface parametrization step presented in section 2. After removing the top parts, these non-closed shape descriptors are more accurate in the left ventricular shape representation than the closed description method. They can provide more functional shape information for cardiac shape analysis.
Modeling efficiency analysis
In this section, we show the modeling efficiency (or accuracy) of our HemiSPHARM description by comparing to the previous method. Since the methods [12, 15, 22, 16] that did harmonics expansion without mapping the surface of volumetric object to parametrized surface can only work on the star shape, we compare our method to the SPHARM method proposed by Brechbühler et al. [17] on single connected objects.
In order to analyze the number of required coefficients, we use the energy fraction to determine the captured energy by a given number of coefficients:
When the centroids of objects are moved to the origin, we can compute the energy E in the definition of modeling efficiency (or accuracy) as follows (it is different to the previous definition in [27] , because their definition only work for radial surface function based spherical harmonics):
By the orthonormality property of HemiSPHARM basis functions Eq. (15), Obviously if we increase the order number L, the modeling efficiency towards to 1. Figure 5 shows the comparison result of modeling efficiency between the HemiSPHARM description and SPHARM method in our experiment (left ventricle surface reconstruction is used with red line representing the HemiSPHARM modeling efficiency and green line representing SPHARM). Because our HemiSPHARM basis functions start from a hemisphere (see Figure 1(a) ) and the SPHARM basis functions start from sphere, HemiS-PHARM method can describe the hemisphere-like objects more efficiently. In other words, HemiSPHARM requires fewer coefficients (less order l) than SPHARM to describe the same surfaces of hemisphere-like objects.
Conclusion and future work
The contribution of this paper is a novel shape description method for the requirement of surface reconstruction for hemisphere-like anatomical structures. In order to propose the new shape descriptors, we use a set of new orthogonal associated polynomials to generate the orthonormal hemispherical harmonics H m l (θ, φ). The hemispherical harmonics are defined on a hemisphere domain and we map the surfaces of volumetric objects to parametrized surfaces prior to expansion into hemispherical harmonics. The success of the algorithm is in its modeling efficiency by using fewer coefficients than previous spherical harmonic method to represent the same surface. The surface reconstruction results of using segmented cardiac MRI clearly demonstrate the effectiveness of our shape description method. Our new method is a general technique and can be applied into shape matching, 3D face recognition, molecular surfaces registration and docking, or other research fields in computer vision.
There are several opportunities for future work on this novel method. One of our future works is focused on adding the optimized surface parametrization step to perform the equal area mapping for parametrizing the volumetric objects. The shape representation for non-closed simple connected objects provides promising shape descriptors for the further shape analysis. Another research direction can be the left ventricle shape classification for cardiac functional analysis on shape differences.
